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on route 2 is 20 min, then the probability of choosing route 1 is 0.92 and that of route 2 is 0.08 when T = 0.5. The 
other OD pair in the same network is also connected by two nonoverlapping routes. Suppose that the travel times 
on the two routes between OD pair 2 are 115 and 120 min, respectively. Then, the route choice probabilities 
calculated by the multinomial (or binomial) logit model are 0.92 and 0.08 because the variance of the Gumbel-
distributed error term is equal in the network. The two routes between OD pair 2 are almost the same, that is, the 
difference is negligible. However, the route choice probabilities differ considerably. The variance of utility of the 
120 min route should be much longer than that of the 20 min route. It is natural that the variance of the error 
term increases as the route times increase, rather than remaining constant.  
    A simple closed formulation is desirable, especially in network equilibrium analysis. The calculation of route 
choice probabilities is iterative, and has a significant computational cost in the network equilibrium model. 
Therefore, the Gumbel-distributed error term in the discrete choice model should be relaxed with the closed form. 
Castillo et al. (2008) proposed a closed-form discrete choice model with the Weibull distribution. Fosgerau & 
Bierlaire (2009) considered a multiplicative error term, and derived a closed-form model similar to that of 
Castillo et al. (2008). Li (2011) extended the Weibull-based discrete choice model to other distributions, and 
offered other alternative error distributions for discrete choice models. Bhat (1995, 1997), DeShazo & Fermo 
(2002), Caussade et al. (2005), and Koppelman & Sethi (2005) relaxed the homogeneity in the variance of the 
error terms, which is a property of the multinomial logit model, and considered an additive error term or scale 
parameter.  
    In this study, the multinomial logit model is extended by generalizing the Gumbel distribution for an error 
term. The “generalized” logit model that we used with a generalized Gumbel distribution includes the 
multinomial logit model as a special case, unlike that used in Castillo et al. (2008), Fosgerau & Bierlaire (2009), 
and Li (2011). Furthermore, we relaxed the homogeneity of the utility variance by generalizing the Gumbel 
distribution. Then, the generalized logit model is incorporated into the transportation network equilibrium model 
as a route choice model. The network equilibrium model with a generalized logit route choice is formulated as an 
optimization problem under uncongested networks. The objective function includes Tsallis entropy, which is a 
type of generalized entropy. The relationship between Tsallis entropy and generalized logit model with the GEV 
error term is examined, and its mathematical framework is elucidated. 
 
 
2. Extreme Value Distribution and q-Exponential Function 
  
    The logit model has the Gumbel-distributed utility (or error term). The Gumbel distribution is a type of 
extreme value distribution. There is a “generalized extreme value distribution” in the field of 
probability/statistics. The generalized extreme value (GEV) distribution includes the Gumbel distribution, and its 
cumulative distribution function (CDF), )(~ xG , is expressed as 
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where P, T (> 0), and J are parameters (e.g., Johnson et al., 1995). When J = 0, )(~ xG  = exp[íexp{í(x í P)/T)}] 
because limUo0(1 + U x)1/U = exp(x). This is the cumulative distribution function (CDF) of the Gumbel 
distribution. Thus, the GEV distribution includes the Gumbel distribution as a special case.  
    Tsallis (1994, 2009) proposed a type of generalization of Boltzmann–Gibbs statistical mechanics and 
thermodynamics. A core concept is Tsallis entropy, which is the generalization of Boltzman–Gibbs (or Shannon) 
entropy. Such a generalization is sometimes called “q-generalization.” The basic operations of the q-analysis 
appear in q-generalized statistical mechanics. Tsallis (1994) generalized the exponential function as follows: 
> @ qxqxq  1
1
)1(1:)(exp  (2) 
where the domain of the above function is ^ `0)1(1 t xqx . Recently, the above-generalized exponential 
function has been called the q-exponential function (e.g., Umarov et al., 2008). When q = 1, exp1(x) = exp(x) 
because limUo0(1 + U x)1/U = exp(x). Thus, we confirm that the q-exponential function is a type of generalization 
of the exponential function. The q-logarithm function is also defined as follows: 
q
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1
 (3) 
where x > 0. When q = 1, ln1(x) = ln(x). Therefore, the q-logarithm function includes a standard logarithm 
function as a special case. Furthermore, lnq(expq[x]) = x.  
    Let q = J + 1. Then, using the q-exponential function in Eq. 2, the CDF of the GEV distribution is rewritten as 
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The domain of the above (q-form) GEV distribution is   ^ `011 t TPxqx . G(x) should be within the 
range [0.0, 1.0] and be increasing. Therefore, T t 0. When q = 1, P = 0, and T = 1, the above GEV distribution is 
the standard Gumbel distribution, whose CDF is exp[íexp(íx)]. As stated above, the CDF of the Gumbel 
distribution is exp[íexp{í(x í P)/T)}]. It is found that switching one of the exponential functions of the Gumbel 
distribution’s CDF to the q-exponential function yields that of the GEV distribution. Thus, the GEV distribution 
is a type of q-generalization of the Gumbel distribution.  
    Fig. 1 shows the probability density function (PDF) of the (q-form) GEV distribution with q = 1 (and P = 0), 
that is, the Gumbel distribution. The domain of the Gumbel distribution is from negative infinity to positive 
infinity. The distribution becomes flatter as T increases. As stated below, T ordains the distribution’s variance. 
    Fig. 2 presents the PDF of the (q-form) GEV distribution with q = 1/2 and T = 1. The distribution with q = 1/2 
leans to the right, while the Gumbel distribution (GEV with q = 1) leans to the left. The domain with q = 1/2 and 
T = 1 is x d 2 + P. When P = í2, the domain is x d 0. A change of P translates the distribution in the x direction.  
    Figs. 3 and 4 show the PDF of the (q-formed) GEV distribution with T = 1 and P = 0. The distribution with q 
< 1 leans to the right, as shown in Fig. 3, while that with q > 1 leans to the left, is illustrated in Fig. 4. Thus, the 
(q-formed) GEV distribution has various shapes according to the value of q and other parameters. This flexibility 
helps the distribution to fit the data.  
    The mean of the (q-form) GEV distribution is 
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         Fig. 1  PDF of GEV distribution with q = 1 and P = 0          Fig. 2  PDF of GEV distribution with q = 1/2 and T = 1 
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where J = 0.572216 (Euler constant) and *() is a gamma function. When q > 2, the distribution does not have a 
mean. Note that the (q-form) GEV distribution is not symmetric, and the mean is not generally equal to the mode. 
The mode of the (q-form) GEV distribution is P, and the variance of the (q-form) GEV distribution is 
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When q > 3/2, the distribution has no variance. As the value of q increases, the tail of the distribution becomes 
fat. In the field of finance, the fat tail distribution is important for considering risks. Similarly, it is useful in the 
field of transportation.  
    As stated in the Introduction, in cases where the logit model is applied to the route choice behavior, the 
random term, H, should be negative, and be right-shifted with a long and fat left tail (unlike the Gumbel 
distribution). The above (q-form) GEV distribution becomes negative when q < 1, and is right-shifted with a 
long left tail, as shown in Fig. 3. Thus, the (q-form) GEV distribution is useful as an error term distribution for 
route choice. 
 
3. q-Generalized Lgit Model 
  
    In the multinomial logit model, Uij = vij + Hij, where Uij is the random utility of route j (= 1, 2,…,  Ji) between 
OD pair i ( = 1, 2,…, I ), vij is the deterministic utility, and Hij is the error term. As shown in Fig. 2, a change of P 
in Eq. 4 translates the distribution in the x direction. The (q-form) GEV distributed term, Hij, includes the effect 
of the deterministic utility, vij, when P = vij in the CDF of Hij. Hereafter Uij is not decomposed into the 
deterministic utility, vij, and error term, Hij, but is handled directly as a random variable. The random utility, Uij, 
follows the (q-form) GEV distribution, and vij is treated as a parameter of the (q-form) GEV distribution. 
    In case of the multinomial logit model, the deterministic utility, vij, is usually formulated as ¦  
K
k ijkik y1T , 
where Tik is the parameter k between OD pair i, and yijk is the explanatory variable k on route j between OD pair i. 
In case where the parameter is common among OD pairs, vij is 6j Tk yijk. While the multinomial logit has the error 
term with a fixed variance, the variance of the error term or random utility is variable in the q-generalized logit 
model with the (q-form) GEV distribution. Therefore, the deterministic utility is given by 
¦  c 
K
k ijkikijij yyv 21 T  (7) 
The parameter ikT c  can be interpreted as 1iik TT c  (i = 2, 3,…, K) when compared to the multinomial logit model. 
The parameter of Ti1 is a type of scale parameter that is needed in the multinomial logit model because the 
variance of the error term is fixed, but is not in the q-generalized logit model since the variance of the random 
utility is variable, as stated above. In other words, the scale parameter corresponds to the variance of the random 
utility. In this paper, the q-generalized logit model is applied to the network equilibrium model assuming that vij 
= ícij = í[tij + (1/W) rij], where cij is the (generalized) travel cost measured by the time on route j between OD pair 
i, tij is the travel time, rij is the monetary cost including the expressway fare, and W is a parameter on a value of 
time.  
    To q-generalize the logit model, substitute q = qi, P = vij + Pij, and T = si í (1 í qi)(vij + Pij) into Eq. 4, where si is 
a parameter. As stated above, T t 0 and si í (1 í qi)(vij + Pij) t 0. If the parameters are common, qi = q and si = s. 
However, the route choice parameters, qi and si, are not necessarily common between OD pairs. The CDF of the 
random utility of route j between the OD pair i, Uij, which follows the (q-form) GEV distribution, is  
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The parameter Pij acts in a manner similar to the constant term of the (multinomial) logit model, but each Pij can 
have a non-zero value, while the multinomial logit model needs a single constant parameter with the value of 
zero (or fixed value). Now, let  
))(1(
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v
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757 Shoichiro Nakayama  /  Procedia - Social and Behavioral Sciences  80 ( 2013 )  753 – 763 

Using ijvˆ , the CDF is rewritten as 
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The domain of the above CDF of the utility of route j between OD pair i is 
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In addition, 0ˆ)1(1 t iji vq  is required when qi z 1 because of the domain of q-exponential function. When qi = 
1, ijvˆ  is unbounded. 
    The probability of choosing route j between OD pair i is the probability that the utility on route j between OD 
pair i is greater than those on any other routes between OD pair i. That is, the utility on route j between OD pair i 
is a maximum between OD pair i. Therefore, the probability of choosing route j between OD pair i is given by 
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where Pr[] and max() are the operators that determine the probability and the maximum, respectively; gij(x) is 
the PDF of the utility on route j between OD pair i; and :i is the domain of the CDF between OD pair i. 
    To simplify the following equation expansion, let 
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The PDF of the utility on route j between OD pair i is 
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Substituting the above into Eq. 12 yields 
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Thus, the q-generalized logit model is given by 
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This closely resembles the choice probability equation of the multinomial logit model. When qi = 1, si = 1, and 
Pij = 0, the route choice probability of Eq. 16 is 
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because )exp()(exp1 xx  . This is the multinomial logit model equation. The above q-generalized logit model, 
which is a discrete choice model with the (q-form) GEV-distributed error term, includes the multinomial logit 
model as a special case. 
    As stated above, it is natural that the variance of the utility becomes large as the lengths of routes increase. 
We confirm this in the q-generalized logit model. The term si í (1 í qi)(vij + Pij) in Eq. 8 ordains the variance of 
the above distribution. As the term gets larger, the variance increases. The term includes vij, and the variance 
itself links to vij. When qi < 1 (and vij = ícij), the variance of route j between OD pair i becomes large as its travel 
time increases. Thus, the homogeneity of the utility variance is relaxed in the q-generalized logit model. Suppose 
that two OD pairs in the network are connected by two pairs of nonoverlapping routes. The route utility follows 
the (q-form) GEV distribution in the q-generalized logit model. The route disutility, that is, íUij, can be 
interpreted as the generalized travel cost. Set c11 = 20, c12 = 30, c21 = 60, and c22 = 70. Figs. 5 and 6 show the 
distributions of the disutilities (or generalized travel costs), íU11, íU12, íU21, and íU22, for the two OD pairs 
when s1 = s2 = 0.5, q1 = q2 = 0.6, and P11 = P12 = P21 = P22 = 0. The figures show that the variances of the route 
disutilities (or generalized travel costs) between OD pair 2 are much larger than those between OD pair 1. The 
probability of choosing route 1 between OD pair 1, p11, is 0.724, and that of route 2, p12, is 0.276. On the other 
hand, the probability of choosing route 1 between OD pair 2, p21, is 0.593, and that of route 2, p22, is 0.407. Thus, 
the homogeneity of the utility variance is relaxed, and more intuitive route choice probabilities for different OD 
pairs are given by the q-generalized logit model. 
 
  
Fig. 5. Disutility variances between OD pair 1 Fig. 6. Disutility variances between OD pair 2 
 
 
4. q-Generalized Logit Traffic Assignment and Tsallis Entropy 
  
4.1. q-Generalized logit traffic assignment  
 
    The transportation network equilibrium is modeled with the q-generalized logit route choice. In this study, 
this is called the q-generalized logit traffic assignment. The q-generalized logit traffic assignment is formulated 
as a fixed point problem, in which the following equation is satisfied for any OD pair and any route: 
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where p is the vector of route choice probabilities and cij(p) is the travel cost function on route j between OD 
pair i. It is natural that as the variance increases the travel time increases. Assume that qi < 1 in the section of the 
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q-generalized logit traffic assignment. Clearly, cij(p) > 0, and 0ˆ ijv  is assumed. Also, 0ˆ)1(1 t iji vq  is 
guaranteed because 1
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4.2. Non-congested network case 
 
    The multinomial logit equation of Eq. 17 can be obtained by maximizing the Shannon (or Boltzman–Gibbs) 
entropy. The Shannon entropy for route choice probabilities between OD pair i is 6j pij ln pij. As stated in section 
2, the q-logarithm is given as lnq(x) = (x1q í 1)/(1 í q) and ln1(x) = ln(x) when q = 1. Using the q-logarithm, the 
Tsallis entropy is defined as  
)(ln
1
1
)(
1
1
ijq
J
j
q
ij
i
J
j
q
ij
iq ppq
p
S
i
i
i
i
i
i ¦
¦
 
  


 p  (19) 
where pi is the vector of pij ( j = 1, 2,…, Ji) between OD pair i and Sqi(pi) is the Tsallis entropy for route choice 
probabilities between OD pair i with the parameter of qi. When qi = 1, S1(pi) = 6j pij ln pij, and is the standard 
entropy (Shannon entropy). Thus, the Tsallis entropy is the q-generalized entropy, and includes the standard 
entropy. The following constrained maximization problem of the Tsallis entropy yields the q-generalized logit 
equation of Eq. 16: 
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In the case of a noncongested network, the q-generalized logit traffic assignment can be formulated as follows: 
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    (22) 
When qi = 1, si = T, and Pij = 0 (i, j), the objective function of the above problem is (1/T) 6i 6j pij cij + 6i 6j pij 
ln pij. This is identical to the objective function of Fisk’s optimization problem for logit-type stochastic user 
equilibrium under noncongested networks (e.g., see Oppenheim, 1995, p. 170 for Fisk’s problem). Thus, the 
above problem is a generalized optimization problem of traffic assignment with multinomial logit route choice 
(multinomial logit-based stochastic user equilibrium).  
    Define the following Lagrangean function: 
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The condition necessary for solving the above minimization problem is to find the solution of wL/wpij = 0 for any 
i and j. Then,  
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because dlnq(x)/dx = xq, since lnq(x) = (x1q í 1)/(1 í q). The above is organized as 
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From Eq. 24, 0)(ln !ijq pi , 0ˆ ijv , and qi t 1; thus, we obtain  
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As stated above, 0ˆ)1(1 t iji vq  and 0)1)(1( t iii qq O , then 
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Summing the above equation with respect to the routes yields 
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Combining Eqs. 27 and 28 gives 
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Thus, the minimization problem of Eq. 22 solves the q-generalized logit traffic assignment with Eq. 18.  
 
4.3. Congested network case 
 
    It is difficult to formulate the q-generalized logit traffic assignment for a congested network as an 
optimization problem with a single integral. In this paper, it is modeled as a (nonlinear) complementarity 
problem. Let 
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where Ȝ  is the vector of Lagrangean multiplier Ȝi. The complementarity problem of the q-generalized logit 
traffic assignment is to find p and Ȝ  of 
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where ),( Ȝpf p  and )(pf O  are the vector-valued functions whose component functions are ),( Ȝppijf and )(p
O
if , 
respectively; ¢, ² denotes the inner product; and 0 is the zero vector.  
    As stated in the previous section, if Eq. 24, that is, 0),(  Ȝppijf  and 0)(  pOif , holds, then Eq. 16 is 
obtained. Clearly, with the necessary condition of 0),(  Ȝppijf  and 0)(  p
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if  under p, Ȝ t 0 is the above 
problem. The sufficient condition is proven using reductio ad absurdum. If there existed pi such that
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jiji fp . This also contradicts the above complementarity 
problem. Therefore, 0),(  Ȝppijf  for any i and j. Consequently, the sufficient condition is proven, and the above 
complementarity problem solves the q-generalized logit traffic assignment. 
    The q-generalized logit traffic assignment model can also be formulated as a fixed point problem of Eq. 18. 
The problem is to find pij (0 d pij d 1) i, with j subject to Eq. 18. The vector p is in the finite closed convex set 
for which 0 d pij d 1 (i, j). The right-hand side of Eq. 18 is also in the same closed convex set. Clearly, it is 
continuous in the set. According to the Brouwer’s fixed point theorem, the existence of a solution to the problem 
is guaranteed.  
    If the Jacobian of [fp(p, Ȝ), fȜ(p)]T is positive definite, the solution is unique. For any [pc, Ȝc]T fȜ(p)]T,  
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If pfp p cc
pT >0 for any pc z 0, the q-generalized traffic assignment has a unique network flow. The Jacobian, 
pf p, is given by 
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If > @  0)()( !cc pppp ijij cc , then > @  0)(ˆ)(ˆ !cc pppp ijij vv . In this case, pf p is positive definite, and the 
uniqueness of the solution of the complementarity problem is guaranteed. However, the condition of [cij(p) 
cij(pc)] (p  pc) > 0 may be restrictive. The condition is not necessary and sufficient, but is just necessary. There 
is some room for relaxing the uniqueness condition, and the realization of this relaxed uniqueness condition will 
be a goal of our future study. 
    There are various ways of solving the complementarity problem. One of them is to reformulate the 
complementarity problem using quadratic Fischer–Burmeister functions. The Fischer–Burmeister function  
I(x,y), is x + y í 22 yx   (Fischer & Jiang, 2000). The function is (always) non-negative, I(x,y) t 0, and 
I(x,y) = 0 is identical to x t 0, y t 0, and x y = 0. Therefore, the complementarity problem of solving x f(x) = 0 
s.t. x t 0 and f(x) t 0 is reformulated as min. I(x, f(x)). The solution of minimizing I(x, f(x)) without constraints 
is identical to that of the original complementarity problem. However, the Fischer–Burmeister function, I(x,y), 
is not differential at (x, y) = (0,0). In this study, the following quadratic Fischer–Burmeister function is defined: 
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Clearly, L(p, Ȝ) t 0. A solution of the unconstrained optimization problem to minimize L(p, Ȝ) is identical to that 
of the above complementarity problem of Eq. 3332. Many algorithms for unconstrained optimization problems 
have been developed. For example, a conjugate gradient method with the Polak–Ribiere formula, which 
guarantees its convergence, solves the above optimization problem. 
 
4.4. Example 
 
    The q-generalized logit traffic assignment is applied to the simple example network shown in Fig. 7. This is 
one of the simplest networks with multiple OD pairs and multiple routes. The network has two OD pairs, and 
each OD pair has two routes. OD pair 1 is between nodes 1 and 3 and OD pair 2 is between nodes 2 and 3. Route 
1 between OD pair 1 consists of links 1 and 2, and route 2 comprises links 1 and 3. On the other hand, route 1 
between OD pair 2 is link 2 and route 2 comprises link 3. The demands between OD pairs 1 and 2 are both 150. 
Set q1 = q2 = q, s1 = s2 = s = 0.5, and P11 = P12 = P21 = P22 = 0. The travel time functions on the three links are 
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where ta() is the travel time function on link a (a = 1, 2, 3). 
 
Fig. 7.  Example network 
1 2 3
link1
link2
link3
ODpair1
ODpair2
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When q = 1, the q-generalized logit traffic assignment becomes the standard (multinomial) logit traffic 
assignment. In this example, s1 = s2 = s = 0.5, then 
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Thus, p11 = p21 and p12 = p22 when q = 1.  
    As stated above, this example considers the case of q < 1. Then, the route choice probabilities are given by 
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In general, p11 z p21 and p12 z p22. Fig. 8 illustrates p11 and p21 with different values of q. Note that the parameter 
q in the horizontal axis decreases in Fig. 8. When q = 1, p11 = p21 = 0.425. Because of homogeneity of variance 
in the standard multinomial logit model, p11 = p21 if q = 1. Although c11íc12 = c21íc22, c11 , c12>42 and c21,  
c22<27, that is, the two route travel times between OD pair 1 are much longer than those in OD pair 2. It is 
natural that the influence of the difference in OD pair 1 is smaller and p11 > p21, as discussed in Section 1, even if 
the difference of the two route travel times is equal between the two OD pairs. As Fig. 8 shows, p11 z p21 when q 
z 1, and we can confirm that the q-generalized logit model alleviates the homogeneity of variance. Initially, as q 
decreases until about 0.9, the variance of the utility on route 1 between OD pair 1 becomes increasingly different 
from that between OD pair 2. In other words, p11 and p21 differ. Then, the difference decreases gradually. When 
q is sufficiently large, the variance is also sufficiently large, and each route choice probability approaches 0.5.  
    Fig. 9 shows p11 and p21 in the case where s1 = s2 = s = 5. The parameter, s, in Fig. 9 is much larger than that 
in Fig. 8. When q = 1, that is, the multinomial logit case, p11 = p21 = 0.435. The tendency of behaviors of p11 and 
p21 is the same as that in Fig. 8, but they are much milder and slower.  
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Fig. 8.  Route choice probabilities and parameter q when s = 0.5 
 
 
5. Conclusions 
  
    The Gumbel-distributed utility in the multinomial logit model is restrictive, especially in the route choice 
behavior and network equilibrium analysis, although it is mathematically convenient. The range of variations of 
the utility in the logit model is unbounded. The Gumbel distribution is left-skewed and has too thin a tail on the 
left side. The utility in the multinomial logit has homoscedastic variance. The GEV distribution, which includes 
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the Gumbel distribution as a special case, is incorporated into the discrete choice model instead of the Gumbel 
distribution. The GEV distribution is given by switching the standard exponential function to a q-exponential 
function (which is a type of generalized exponential function) in the CDF. The q-generalized logit model with 
the GEV-distributed utility allows heteroscedastic variance and a flexible shape, and includes the multinomial 
logit model as a special case. Maximizing the Tsallis entropy, which is a type of generalized Shannon entropy, 
gives the q-generalized logit model (with the GEV distribution), while maximizing the Shannon entropy 
produces the standard multinomial logit model.  
    The generalized logit model with the (q-form) GEV-distributed utility is incorporated into the transportation 
network equilibrium model. The network equilibrium model with generalized logit route choice is formulated as 
an optimization problem under uncongested networks. The objective function includes Tsallis entropy, which is 
a type of generalized entropy. For congested networks, it is formulated as the complementarity problem. The 
existence of equilibrium flows is proven, and a uniqueness condition is examined. In this study, the Gumbel 
distribution, logit model, and network equilibrium model are considered in a unified framework of q-
generalization with q-analysis, which includes the operation of q-exponential and q-logarithm functions, or 
Tsallis statistics. In our future study, more relaxed conditions for unique equilibrium network flow will be 
examined. Also, an efficient algorithm should be developed for large-scale networks. To alleviate the 
overlapping problem in route choice, the common factor can be introduced in the model. This will be discussed 
in a later paper. 
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Fig. 9.  Route choice probabilities and parameter q when s = 5.0 
